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IDEAL CATEGORIES OF RINGS AND
THE RING OF CONES
SREEJAMOL P.R.1 AND P.G. ROMEO2
Abstract. In this paper we describe the ideal category of a ring
R as preadditive proper category. Further it is also shown that
the cones in this category is a ring with appropriate addition and
multiplication.
1. Introduction
This paper is related to the study of ideals of a ring. Recall that
a regular semigroup S is a semigroup in which for every a ∈ S, there
exists b ∈ S such that aba = a. In 1994, K.S.S.Nambooripad intro-
duced a special type of categories called normal categories to describe
the ideal structure of a regular semigroup. The categories of principal
left (right) ideals of a regular semigroup are normal. Later on, this
approach was extended to arbitrary semigroups by defining the ideal
categories of a semigroup as proper categories and it is shown that the
set of all proper cones in such a category is a semigroup. Also the dual
of the proper category is obtained(cf.[11]).
In the 1930’s von Neumann introduced regular rings in his work on
continuous geometry. Regular ring (von Neumann regular) is a ring
in which the multiplicative part is a regular semigroup. In [6] the
principal left[right] ideals of a regular ring are described as preadditive
normal categories. In this paper we extend the categorical approach
to the study of the structure theory of rings. We show that the princi-
pal left[right] ideals of a ring are preadditive proper categories, further
we introduce RR−proper categories and it is shown that the set of all
proper cones in such a category becomes a ring. Note that all rings in
this paper are associative with unit.
2. Prelimanires
In the following we briefly recall some definitions and basic results
regarding categories needed in the sequel and for more details reader
is referred to S. Maclane (cf.[4]) and K.S.S.Nambooripad (cf.[9]). The
categories we are considering are all small categories - a small category
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is a category in which the class of objects and class of morphisms are
both sets. Let C be any category, then vC denotes the set of objects
of C. For a, b ∈ vC, the set consists of all morphisms of the category
with domain a and codomain b is called the hom-set and is denoted as
C(a; b) or hom(a; b). If f : a→ b and g : b→ c then the composition is
f · g : a→ c. A morphism f in a category C is a monomorphism if for
g, h ∈ C, gf = hf implies g = h; that is f is a monomorphism if it is
right cancelable. Dually a morphism f ∈ C is an epimorphism if f is
left cancelable.
An object a is terminal in C if for each object b there is exactly one
arrow b → a. An object c is initial object if to each object b there is
exactly one arrow c→ b. A zero object or null object z in C is an object
which is both initial and terminal. For any two objects a and b the
unique arrows a → z and z → b have a composite Oba : a → b called
the zero arrow from a→ b.
Definition 1. (cf.[4]) A preadditive category(or Ab-category) is a cat-
egory satisfying:
(1) each hom-set is an additive abelian group,
(2) composition of arrows is bilinear relative to this addition,
(3) category has zero object.
A preorder P is a category such that, for any p, p′ ∈ vP; the hom-set
P(p, p′) contains at most one morphism. In this case, the relation ⊆
on the class vP defined by p ⊆ p′ ⇔ P(p, p′) 6= φ is a quasi-order on
vP . In a preorder, p and p’ are isomorphic if and only if P(p, p′) 6=
φ 6= P(p′, p). Therefore p ⊆ p′ is a partial order if and only if P
does not contain any nontrivial isomorphisms. Equivalently, the only
isomorphisms of P are identity morphisms, and in this case P is said
to be a strict preorder.
Let C be a category and P be a subcategory of C. Then (C,P) is
called a category with subobjects if the following hold:
(1) P is a strict preorder with vP = vC.
(2) Every f ∈ P is a monomorphism in C.
(3) If f, g ∈ P and if f = hg for some h ∈ C, then h ∈ P.
In a category with subobjects, if f : a → b is a morphism in P, then
f is an inclusion and we denote this inclusion by j(a, b). If there is a
morphism e : b→ a such that j(a, b)e = Ia, then e is called a retraction
from b→ a and is denoted by e(b, a). In case a retraction from b to a
exists, then we say that the inclusion j(a, b) : a→ b splits.
A morphism f ∈ C, where C be a category with subobjects has
factorization if f = p · m where p is an epimorphism and m is an
embedding. A category C is said to have the factorization property if
every morphism of C has a factorization. Thus, if C has the factorization
property, then any morphism f in C has atleast one factorization of
the form f = qj, where q is an epimorphism and j is an inclusion
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and such factorizations are called canonical factorizations. A normal
factorization of a morphism f in C is a factorization of the form f = euj
where e is a retraction, u is an isomorphism and j is an inclusion.
A morphism f in a category with subobjects is said to have an image
if it has a canonical(epi-mono)factorization f = xj, where x is an
epimorphism and j is an inclusion with the property that whenever f =
yj′ is any other canonical factorization, then there exists an inclusion
j′′ such that y = xj′′([9]). A category is said to have images if every
morphism in C has an image. In this case, the codomain of x is said
to be the image of f . When the morphism f has an image we denote
the unique canonical factorization of f by f = f ojf , where f
o is the
unique epimorphic component and jf is the inclusion of f .
Let C be a category with subobjects, images, every morphism in C
has normal factorizations in which the inclusion splits and d ∈ vC. A
cone from vC to the vertex d is a map γ : vC → d such that
(1) γ(c) ∈ C(c, d) for all c ∈ vC.
(2) If c′ ⊆ c then j(c′, c)γ(c) = γ(c′).
The cone γ is called a normal cone if there exists an a ∈ vC such that
γ(a) is an isomorphism. The vertex d of the cone γ is usually denoted
as cγ . The set of all normal cones in C is denoted by T C which is a
regular semigroup. Corresponding to the normal cone γ, an M−set is
defined as
Mγ = {c ∈ vC : γ(c) is isomorphism}.
Definition 2. A normal category is a pair (C,P) satisfying the follow-
ing:
(1) (C,P) is a category with subobjects
(2) every inclusion in C splits
(3) Any morphism in C has a normal factorization
(4) for each a ∈ vC there is a normal cone γ with vertex a and
γ(a) = Ia.
Lemma 1 ([9]). If γ is a normal cone with vertex cγ and f : cγ → a
is an epimorphism for a ∈ vC, then the map γ ⋆ f defined by
(γ ⋆ f)(a) = γ(a) · f
from vC → Cis a normal cone with vertex d.
Theorem 1. Let C be a normal category. Then set of all normal cones
T C with respect to the binary operation defined by
γ · η = γ ⋆ η(cγ)
o
for all γ, η ∈ T C is a regular semigroup.
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3. Proper categories
In the following we proceed to describe certain generalization of nor-
mal categories in which the cones at each vertex need not always be
normal but only satisfies some weaker conditions and we call proper
categories.
Definition 3. Let C be a category with subobjects, every inclusion splits
and every morphism has canonical factorization. A proper cone γ in C
is a cone with vertex d such that there exists at least one c ∈ vC with
γ(c) : c→ d is an epimorphism (i.e., γ(c) = γ(c)o).
a
d
b c′ c
γ(a)
γ(b) γ(c)
j(c′, c)
γ(c′)
The set of all proper cones in category C is denoted by PC and for
γ ∈ PC, we denote by cγ the vertex of γ and by Mγ, theM−set defined
by
Mγ = {c ∈ vC : γ(c) is epimorphism}
A cone γ in C is proper or normal cone according as Mγ 6= φ. Clearly
every normal cone is proper as well.
Definition 4. A small category C with subobjects is called proper cat-
egory if it satisfies the following:
(1) every inclusion in C splits,
(2) any morphism f ∈ C has canonical factorization and
(3) each object of C is a vertex of a proper cone γ ∈ PC.
Definition 5. A preadditive category which is also a proper category
is termed as a preadditive proper category.
A preadditive proper category C satisfying the following conditions:
(1) the object set vC with partial order induced by subobject relation
is a relatively complemented lattice and
(2) every subset of the object set which has an upper bound contains
a unique maximal element
is called an RR−proper category and these conditions are termed as
RR−conditions.
Now we proceed to show that the set of proper cones PC in an RR−
proper category C, is a ring.
Proposition 1. Let C be an RR−proper category and γ be a proper
cone in C. For f ∈ C(cγ , c), γ ⋆f
o is a proper cone with vertex imf and
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the components are given by (γ ⋆ f o)(a) = γ(a)f o for all a ∈ vC such
that for all composable pair of morphisms f, g ∈ C with domf = cγ
γ ⋆ (fg)o = (γ ⋆ f o) ⋆ (jcc1g)
o
where c1 = imf = imf
o.
Proof. For c ∈ Mγ , γ(c) is an epimorphism and so is γ(c) · f
o. Hence
c ∈Mγ⋆fo and hence γ ⋆ f
o is a proper cone.
Now f and g are as in the statement. Let η = γ ⋆ f o so that cη =
imf = c1. Then we have
(γ ⋆ (fg)o)(a) = γ(a)f o(jcc1g)
o
= η ⋆ (jcc1g)
o(a)
= (γ ⋆ f o) ⋆ (jcc1g)
o(a)
for all a ∈ vC. 
Theorem 2. Let C be a proper category. Then PC the set of all proper
cones in C, is a semigroup with respect to the binary operation defined
by
γ · η = γ ⋆ η(cγ)
o
for all γ, η ∈ PC.
Proof. For γ, η ∈ PC, γ · η is a proper cone with vertex cγ·η = imη(cγ).
To show that the binary operation defined is associative, let α, β, γ ∈
PC and for c ∈ vC,
(α(βγ))(c) = α(c)((βγ)(cα))
o
= α(c)(β(cα)((γ(cβ))
o)o
= α(c)[(β(cα))
oj
cβ
Imβ(cα)
(γ(cβ))
o]o
= α(c)((β(cα))
o(γ(cαβ))
o
((αβ)γ)(c) = (αβ)(c)(γ(cαβ))
o
= α(c)((β(cα))
o(γ(cαβ))
o
Thus α(βγ) = (αβ)γ and hence PC is a semigroup. 
Proposition 2. γ ∈ PC is an idempotent proper cone if and only if
γ(cγ) = Icγ .
Proof. Suppose γ is an idempotent proper cone and let c ∈ Mγ . Then
(γ · γ)(c) = γ(c) implies γ(c)(γ(cγ))
o = γ(c). Since γ(c) is an epi-
morphism (γ(cγ))
o = Icγ . Clearly γ(cγ) ∈ C(cγ, cγ) and so γ(cγ) =
Icγ . Conversely, if γ(cγ) = Icγ , then for every a ∈ vC, (γ · γ)(a) =
γ(a)(γ(cγ))
o = γ(a)Icγ = γ(a). Hence γ is an idempotent proper cone.
E(PC) denotes the set of all idempotent proper cones in C. 
Proposition 3 ([6]). Let γ be a cone with vertex d in an RR−proper
category C. Let X = {imγ(a) : a ∈ vC} then there exists a unique
maximum element d0 ≤ d in X.
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Proof. Since RR−proper category C satisfies RR−conditions, X has
a maximal element say d0. To prove that it is unique let d0 and d1
be two maximal elements of X. Then there exists b, c ∈ vC such that
d0 = imγ(b) and d1 = imγ(c). By RR−conditions b ∨ c ∈ vC. Let
d = b ∨ c. Then b ⊆ d and c ⊆ d. Then
j(b, d)γ(d) = γ(b) and j(c, d)γ(d) = γ(c).
Obviously
imj(b, d)γ(d) ⊆ imγ(d) and imj(c, d)γ(d) ⊆ imγ(d).
Then imγ(b) ⊆ imγ(d) and imγ(c) ⊆ imγ(d) so that d0 ⊆ imγ(d) and
d1 ⊆ imγ(d). Since d0 and d1 are maximal elements in X, d0 = imγ(d)
and d1 = imγ(d). So d0 = d1. Also imγ(a) ≤ d0 for all a ∈ vC. 
Lemma 2. If γ is a cone in an RR−proper category C with vertex d
and d0 = max{imγ(a)|a ∈ vC} then for every retraction e : d → d0,
the cone γ∗ with vertex d0, defined by;
γ∗(a) = γ(a)e(d, d0), for all a ∈ vC
is a proper cone.
Proof. For all a ∈ vC, γ∗(a) : a → d0. Since e : d → d0 is a retraction,
d0 ⊆ d. Let d0 = imγ(d1) where d1 ∈ vC.
For a ⊆ b, jbaγ
∗(b) = jbaγ(b)e(d, d0)
= γ(a)e(d, d0) [since γ is a cone ]
= γ∗(a)
hence γ∗ is a cone. Now to prove that γ∗ is a proper cone, it is sufficient
to prove that at least one component of γ∗ is an epimorphism.
We have imγ(d1) = d0 and γ(d1) = qj is the canonical factorization,
where q is the epimorphism and j : d0 ⊆ d, inclusion, then
γ∗(d1) = γ(d1)e(d, d0)
= qj(d0, d)e(d, d0)
= q
which is an epimorphism and hence γ∗ is a proper cone. 
Remark 1. If γ is a proper cone, then γ∗ = γ.
Lemma 3. Let γ∗ be a proper cone in the RR−proper category C as
defined in Lemma 2, then the epimorphic component of γ∗ is γ∗ i.e.,
((γ∗)(a))o = γ∗(a), ∀a ∈ vC.
Lemma 4. If γ, β are two proper cones in an RR−proper category C
and γ∗ is defined as in Lemma 2, then
(γ · β)∗ = γ · β∗
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Proof. For all a ∈ vC, and let d0 = max{im(γ · β)(a)|a ∈ vC}
(γ · β)∗(a) = (γ · β)(a) · e(cβ, d0)
= γ(a) · [(β(cγ))
o · e(cβ, d0)]
= γ(a) · [β∗(cγ)]
o
= γ(a) · [β∗(cγ)] [ by Lemma 3]
= (γ · β∗)(a)
Hence the proof. 
Lemma 5 ([6]). Let C be an RR−proper category and PC the semi-
group of proper cones in C. For γ, δ ∈ PC, with vertices cγ = c and
cδ = d and for all a ∈ vC,
(γ ⊕ δ)(a) = γ(a)j(c, c ∨ d) + δ(a)j(d, c ∨ d)
Then γ ⊕ δ is a cone with vertex c ∨ d.
Proof. γ(a)j(c, c∨d) and δ(a)j(d, c∨d) are in hom(a, c∨d). Let a ⊂ b.
Then
j(a, b)(γ ⊕ δ)(b) = j(a, b)[γ(b)j(c, c ∨ d) + δ(b)j(d, c ∨ d)]
= j(a, b)γ(b)j(c, c ∨ d) + j(a, b)δ(b)j(d, c ∨ d)]
= γ(a)j(c, c ∨ d) + δ(a)j(d, c ∨ d)
= (γ ⊕ δ)(a)
Thus γ ⊕ δ is a cone with vertex c ∨ d. 
Corollary 1. If cγ = cδ, then the inclusions j(cγ, cγ∨cδ) and j(cδ, cγ∨
cδ) become identity maps and (γ ⊕ δ)(a) = γ(a) + δ(a).
Definition 6. Let C be an RR−proper category and PC the semigroup
of proper cones in C. For γ, δ ∈ PC, with vertices cγ = c and cδ = d,
define γ + δ = (γ ⊕ δ)∗ where (γ ⊕ δ)∗(a) = (γ ⊕ δ)(a)e(c ∨ d, d0)
for all a ∈ vC. Then γ + δ is a proper cone with vertex d0, where
d0 = max{im(γ ⊕ δ)(a), /a ∈ vC}.
Lemma 6. For an RR−proper category C, the set of all proper cones
PC with the addition defined by γ + δ = (γ ⊕ δ)∗, for γ, δ ∈ PC is an
additive abelian group.
Proof. For γ, δ, ρ ∈ PC, γ + δ is a proper cone in PC. Since C is a
RR−proper category, it is preadditive and hence each homset in C is
an additive abelian group.
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Now let γ + δ = η, δ + ρ = τ, (cγ ∨ cδ) ∨ cρ = cγ ∨ (cδ ∨ cρ) = d, then
((γ + δ) + ρ)(a) = (η + ρ)(a)
= (η ⊕ ρ)∗(a)
= [η(a)j(cη, d) + ρ(a)j(cβ , d)]
∗
= [(γ(a)j(cγ, cγ ∨ cδ)
+ δ(a)j(cδ, cγ ∨ cδ))e(cγ ∨ cδ, cη)j(cη, d) + ρ(a)j(cρ, d)]
∗
= [(γ(a)j(cγ, d) + δ(a)j(cδ, d)) + ρ(a)j(cρ, d)]
∗
= [γ(a)j(cγ, d) + (δ(a)j(cδ, d) + ρ(a)j(cρ, d))]
∗
and
(γ + (δ + ρ))(a) = (γ + τ)(a)
= (γ ⊕ τ)∗(a)
= [γ(a)j(cγ, d) + τ(a)j(cτ , d)]
∗
= [γ(a)j(cγ, d) + (δ(a)j(cδ, cδ ∨ cρ)
+ ρ(a)j(cρ, cδ ∨ cρ))e(cδ ∨ cρ, cτ )j(cτ , d)]
∗
= [γ(a)j(cγ, d) + (δ(a)j(cδ, d) + ρ(a)j(cρ, d))]
∗
hence the addition is associative.
Let 0 be the zero object in C and γ0 be the cone with vertex 0, where
γ0(a) = 0 for all a ∈ vC, then γ0(a) is the unique morphism from a to
0 and γ0 is a proper cone in PC. For every γ ∈ PC and for all a ∈ vC,
let d = max{im(γ ⊕ γ0)(a)|a ∈ C} = cγ, since γ is a proper cone.
(γ + γ0)(a) = (γ ⊕ γ0)
∗(a)
= [γ(a)j(cγ, cγ) + γ0(a)j(cγ0 , cγ)]e(cγ, d)
= [γ(a) + γ0(a)j(0, cγ)]e(cγ , d)
= γ(a)
thus γ+γ0 = γ. Similarly γ0 +γ = γ. Hence γ0 is the identity element
in PC.
For γ ∈ PC, define −γ by −γ(a) = −(γ(a)). Clearly −γ is a proper
cone in PC and c−γ = cγ .
(γ +−(γ))(a) = [γ(a)j(cγ , cγ ∨ c−γ) + (−γ)(a)j(c−γ, cγ ∨ c−γ)]
∗
= [γ(a)j(cγ , cγ) + (−γ)(a)j(cγ, cγ)]
∗
= [γ(a)Icγ + (−γ)(a)Icγ ]
∗
= [γ(a) + (−γ)(a)]∗
= [γ0(a)]
∗ = γ0(a)
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i.e., γ + (−γ) = γ0.
(γ + δ)(a) = [(γ ⊕ δ)(a)]∗
= [γ(a)j(cγ, cγ ∨ cδ) + δ(a)j(cδ, cγ ∨ cδ)]
∗
= [δ(a)j(cδ, cγ ∨ cδ) + γ(a)j(cγ, cγ ∨ cδ)]
∗
= [(δ ⊕ γ)(a)]∗
= (δ + γ)(a)
Thus PC is an additive abelian group. 
Theorem 3. For an RR−proper category C, the set of all proper cones
PC is a ring.
Proof. For RR−proper category C, the set of all proper cones PC is a
semigroup with respect to the multiplication,
γ · β = γ ⋆ β(cγ)
o
where γ, β ∈ PC. Since PC is an additive abelian group it is enough to
prove that the multiplication distributes over addition. As RR−proper
category is preadditive, composition of morphisms is distributive over
addition.
For γ, δ, ρ ∈ PC, and for all a ∈ vC, let cρ = c and cγ ∨ cδ = d
[ρ · (γ + δ)](a) = ρ(a) · [(γ + δ)(c)]o
= ρ(a) · [(γ ⊕ δ)∗(c)]o
= ρ(a) · ([(γ(c)j(cγ, d) + δ(c)j(cδ, d))]
∗)o
= ρ(a) · [(γ(c)j(cγ, d) + δ(c)j(cδ, d))]
∗ [by Lemma 3 ]
[(ρ · γ) + (ρ · δ)](a) = [(ρ · γ)⊕ (ρ · δ)]∗(a)
= [ρ(a) · (γ(c))oj(imγ(c), d) + ρ(a) · (δ(c))oj(imδ(c), d)]∗
= [ρ(a) · (γ(c))oj(imγ(c), cγ)j(cγ, d)
+ ρ(a) · (δ(c))oj(imδ(c), cδ)j(cδ, d)]
∗
= [ρ(a) · (γ(c)j(cγ , d) + δ(c)j(cδ, d))]
∗
= ρ(a) · [(γ(c)j(cγ, d) + δ(c)j(cδ, d))]
∗ [by Lemma 4 ]
Hence ρ · (γ + δ) = (ρ · γ) + (ρ · δ). Similarly (γ + δ) · ρ = γ · ρ+ δ · ρ,
thus PC is a ring. 
4. Ideal categories of rings
In this section we describe the principal left[right] ideal categories
of a ring and we show that they form RR−proper categories. Let R
be a ring. Then principal left [right] ideal of a ring R generated by an
element a of R is (a)l = Ra [(a)r = aR].
Since the multiplicative part of a ring is semigroup, we can show that
the principal left[right] ideals of a ring R as objects and morphisms
right[left] translations form proper category L(R)[R(R)].
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Lemma 7. Let R be a ring. Then L(R), the set of principal left ideals
of R, is a category whose objects and morphisms are as defined below.
vL(R) = {Ra : a ∈ R} and for a, b ∈ R
L(R)(Ra,Rb) = {ρ(a, s, b) : x→ xs with as ∈ Rb; for all x ∈ Ra}.
Then L(R) is a category.
Proof. For all a, b ∈ R and x ∈ Ra, ρ(a, s, b) : x → xs with as ∈ Rb is
the map ρs|Ra such that s ∈ R and as ∈ Rb. The composition in L(R)
is given by the rule
ρ(a, s, b) · ρ(c, t, d) =


ρ(a, st, d), if Rb = Rc
undefined, otherwise.
is associative whenever the composition is defined and ρ(a, 1, a) = IRa :
Ra → Ra for all a ∈ R is the identity morphism and hence L(R) is a
category. 
Dually R(R) is also a category with objects principal right ideals and
morphisms left translations,
vR(R) = {aR : a ∈ R} and
R(R)(aR, bR) = {λ(a, s, b) : x→ sx with x ∈ aR and sa ∈ bR}.
Proposition 4. Let R be a ring and L(R) be the category of principal
left ideals. Let ρ(a, s, b) : Ra→ Rb be a morphism in L(R). Then
(1) ρ(a, s, b) is epimorphism if and only if asLb
(2) ρ(a, s, b) is a split monomorphism if and only if aRas
(3) ρ(a, s, b) is an isomorphism if and only if aRasLb
Proof. ρ(a, s, b) : Ra→ Rb such that for all x ∈ Ra, ρ(a, s, b) : x→ xs
where as ∈ Rb. So it is easy to observe that ρ(a, s, b) is epimorphism if
and only if Ras = Rb and so asLb. Now ρ(a, s, b) is a split monomor-
phism if and only if there is a σ = ρ(b, s′, a) : Rb → Ra such that
ρσ = IRa which implies ass
′ = a and so aRas. (3) follows from (1) and
(2). 
Lemma 8. Let R be a ring. Then category L(R) is a proper category.
Proof. If ρ(a, s, b) = ρ(a, 1, b) where a · 1 ∈ Rb, then ρ(a, s, b) =
j(Ra,Rb) is an inclusion. Identity mapping and set inclusions of prin-
cipal left ideals are morphisms in the category. So L(R) is a category
with subobjects. {ρ(a, 1, b) : a ∈ Rb} is a choice of subobjects in the
category L(R). If ρ(a, s, b) is a morphism in L(R), then im ρ(a, s, b) =
Ras and ρ(a, s, b) = ρ(a, s, as) · ρ(as, 1, b) gives the canonical factor-
ization of ρ(a, s, b) in L(R). Let ρ(a, 1, b) : Ra ⊆ Rb be the inclusion
which splits. If inclusion splits, canonical factorization is unique([9]).
Hence L(R) is a category with subobjects, every inclusion splits and
every morphism has unique canonical factorization.
Now we define ρd : vL(R) → Rd as ρd(Ra) = ρ(a, s, d) : Ra → Rd,
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where Ra ∈ vL(R) and as ∈ Rd. Obviously ρd(Ra) ∈ L(R)(Ra,Rd) is
well defined.
If Ra ⊆ Rb,
j(Ra,Rb)ρd(Rb) = ρ(a, 1, b) · ρ(b, v, d) where bv = qd ∈ Rd.
= ρ(a, v, d)
= ρd(Ra)
Since Ra ⊆ Rb, a = rb for some r ∈ R and so av = rbv = rqd ∈ Rd.
Hence ρ(a, v, d) = ρd(Ra) and j(Ra,Rb) ·ρd(Rb) = ρd(Ra). Hence ρd is
a cone in L(R). Since ρd(Ra) has canonical factorization as ρd(Ra) =
ρ(a, s, d) = ρ(a, s, as) · ρ(as, 1, d), where as ∈ Rd. There exists some s
such that Ras = Rd. Thus ρd is a proper cone in L(R) with vertex Rd
and hence L(R) is a proper category. 
Dually R(R) is also a proper category.
Theorem 4. The category L(R)[R(R)] of principal left [right] ideals
of a ring R with right [left] translations as morphisms is a preadditive
proper category.
Proof. For ρ(a, s, b), ρ(a, t, b) ∈ L(R)(Ra,Rb), the addition is defined
by
ρ(a, s, b) + ρ(a, t, b) = ρ(a, s+ t, b).
Under this addition homset L(R)(Ra,Rb) is an abelian group, further
if restricted to L(R)(Ra,Ra), it is a ring.
For ρ(a, s, b), ρ(a, t, b), ρ(b, u, c), ρ(b, v, c) ∈ L(R),
ρ(a, s, b)[ρ(b, u, c) + ρ(b, v, c)] = ρ(a, s, b)[ρ(b, u+ v, c)]
= ρ(a, s(u+ v), c) = ρ(a, su+ sv, c)
= ρ(a, su, c) + ρ(a, sv, c)
= ρ(a, s, b)ρ(b, u, c) + ρ(a, s, b)ρ(b, v, c).
Thus the composition of morphisms is bilinear. Zero ideal is the zero
object in L(R). Hence for a ring R, the categories L(R) and R(R) are
preadditive proper categories. 
Let R be a ring with the property that any set of principal ideals
which is bounded above has a maximal element and principal ideals of
ring form a relatively complemented lattice with respect to the partial
order induced from strict preorder. The join and meet are defined
by; Ra ∨ Rb = Ra + Rb and Ra ∧ Rb = Ra ∩ Rb where Ra + Rb is
the smallest principal ideal containing both Ra and Rb. The trivial
ideals R and (0) are the bounds. Then L(R) and dually R(R) are
RR−proper categories. It is easy to see that the ideal categories of
Euclidean domains are RR−proper categories.
In the RR−proper category L(R), by Theorem 3, the set of all proper
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cones {ρa : vL(R)→ Ra, for all Ra ∈ vL(R)} is a ring with the binary
operations given below; for Ra,Rb,Rc ∈ vL(R),
(ρa · ρb)(Rd) = ρa(Rd) · (ρb(Ra))o
ρa + ρb = (ρa ⊕ ρb)∗
where (ρa ⊕ ρb)∗(Rd) = (ρa ⊕ ρb)(Rd)e(Ra ∨Rb, d0),
(ρa ⊕ ρb)(Rd) = ρa(Rd)j(Ra,Ra ∨ Rb) + ρb(Rd)j(Rb,Ra ∨ Rb)
and d0 = max{im(ρ
a ⊕ ρb)(Rd), |Rd ∈ vL(R)}. We denote this ring of
proper cones by PL(R).
By Theorem 4, the left(right) ideal category of the ring PL(R) are
preadditive proper categories L(PL(R))(R(PL(R))). Also the left(right)
ideals form a relatively complemented lattice with meet intersection
and join as the smallest principal ideal cotaining both. So L(PL(R))
and R(PL(R)) are RR−proper categories and hence the set of all
proper cones P(L(PL(R))) and P(R(PL(R))) are rings.
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